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Abstract 

The necessity of active chassis control methods that can cope with the three typical unstable motion modes 

found in vehicle-trailer systems has emerged. Although there are studies aimed at preventing these 

instability situations mechanically, they cannot guarantee lateral stability. Active trailer braking system 

(ATBS) is used to solve this problem. In this study, a linear quadratic regulator (LQR) to be developed for 

the car-trailer system. The parameters of LQR are determined using the genetic algorithm (GA). The 

controller is developed in MATLAB/Simulink and experimentally validated in CarSim. It has been observed 

that the parameters to be determined by the genetic algorithm give better results than the parameters found 

by the trial-and-error method.  

 

Keywords:   Active trailer braking, Lateral stability, LQR controller 

1. Introduction 

The dynamics of articulated vehicles differ according to the dynamics of other vehicles 

[1]–[4]. Especially at high speeds, unstable movement modes occur in vehicle-trailer 

systems. These; It is expressed as the trailer's sliding, overturning, and trailer folding [5].  

In case of sudden maneuvering, while driving, various accidents and injuries can occur 

due to these unstable modes [6]. If there is no active chassis controller in the vehicle-trailer 

system, what the drivers can do during this maneuver is limited. 
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Various studies are carried out to increase the stability of vehicle-trailer systems. 

They obtained results testing the stability of the vehicle-trailer system using active trailer 

braking with different axles and centers of gravity. Dynamic and static stability analysis 

of car-trailer systems were carried out. Critical speeds of the specified systems have been 

determined. As an active control technique: symmetric braking and differential braking 

were used. The effectiveness of control techniques has been demonstrated under various 

test maneuvers [7]. They demonstrated the effect of different active chassis control 

techniques on lateral stability. The comparative results of the Active Trailer Braking, 

Active Trailer Steering Control, and Variable Geometry Approach techniques show their 

superiority over each other. At the same time, the LQR controller is designed and its 

advantages against the non-controller situation are expressed with the simulation results 

[8].  

It used the Active Trailer Braking system to increase the lateral stability of the 

vehicle-trailer system. The system is expressed in three degrees of freedom model. An 

LQR controller is designed. The stability of the controller has been tested with a single 

lane-change maneuver. With the LQR controller, the lateral stability of the vehicle-trailer 

system at high speeds is improved[9]. The effect of dynamic models with different 

degrees of freedom in vehicle-trailer systems has been studied. Vehicle-trailer system; It 

is expressed in linear 3 degree-of-freedom (DOF), non-linear 4 DOF, non-linear 6 DOF, 

and CarSim models. According to the tests carried out, it was stated that while 3 DOF 

produced similar results with other models in low lateral acceleration maneuver, poor 

results were obtained compared to other models during high lateral acceleration 

maneuver[10].  

LQR and 𝐻∞ controllers were designed to improve the lateral stability of car-trailer 

systems. The developed controllers are modeled with 3 and 5 DOFs. The stability of the 

car-trailer systems is improved with the robust controller design against the uncertainties 

of the parameters. Optimal control parameters for the active chassis control system were 

determined by genetic algorithm. As a result of experimental studies, it has been shown 

with the proposed controller that the stability of car-trailer systems can be improved 

effectively [11].  

Different control strategies have been proposed to improve the lateral stability of 

car-trailer systems. With different linear and nonlinear degrees of freedom, the car-trailer 

system has been tested under different scenarios. As a result of the tests, it was shown 

that the dynamic responses of the linear model were within the acceptable range at low 

lateral acceleration (less than 0.5g) maneuver. However, it was stated that the nonlinear 

model exhibits more accurate dynamic behaviors in cases of high lateral acceleration [12]. 

A model predictive controller (MPC) based controller has been developed to 

prevent unstable modes from occurring in car-trailer systems. The developed controller 

controls the yaw rate and articulation angle. The effect of differential braking has been 
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tested under different scenarios. The results obtained have shown that the developed 

controller is successful against unstable modes [13].  

 

2. Materials and Methods 

To improve the lateral stability of car-trailer systems, an LQR-based controller with 

optimized parameters will be developed with GA. First, dynamic motion equations of 

the car-trailer system will be derived. The equations obtained will be linearized with the 

specified conditions. A cost-based LQR control technique will be applied to the car-trailer 

system in linear systems. LQR controller parameters will be determined with GA. Their 

performances will be compared with the results obtained by the trial-and-error method.  

2.1.Modelling 

In this section, the car-trailer system will be expressed with a 3 degree of freedom 

linear model [8] and its dynamic behavior will be examined. Car-trailer free-body 

diagram is shown in Figure 1. 

 

Degrees of freedom of 3 degrees of freedom linear model: 

• V – vehicle lateral speed (m/s) 

• r – vehicle yaw rate (rad/s) 

• 𝜓 – articulation angle (rad) 

 

Figure 1 The free-body diagram of a 3 degree of freedom vehicle model 

While obtaining the equations of motion, it is assumed that the pairs of wheels in 

each axle have the same slip angle. Vehicle equations of motion, 

 𝑚1(𝑈̇ − 𝑉. 𝑟) = −𝐹𝑋1. 𝑐𝑜𝑠𝛿 − 𝐹𝑋2 + 𝐹𝑋 (1) 

 𝑚1(𝑉̇ − 𝑈. 𝑟) = 𝑓1(𝑎1) + 𝑓2(𝑎2)𝛿 + 𝐹𝑋1. 𝑠𝑖𝑛𝛿 − 𝐹𝑌 (2) 

 𝐼1𝑟̇ = 𝑎. 𝑓1(𝑎1) − 𝑏. 𝑓2(𝑎2) + 𝑎. 𝐹𝑋1. 𝑠𝑖𝑛𝛿 + 𝑑. 𝐹𝑌 (3) 

Equations of motion for trailer, 
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 𝑚2(𝑈′̇ − 𝑉′. 𝑟′) = −𝐹𝑋3 − 𝐹𝑋. 𝑐𝑜𝑠𝜓 − 𝐹𝑌 . 𝑠𝑖𝑛𝜓 (4) 

 𝑚2(𝑉′̇ − 𝑈′. 𝑟′) = 𝑓3(𝑎3) − 𝐹𝑋. 𝑠𝑖𝑛𝛿 + 𝐹𝑌 . 𝑐𝑜𝑠𝜓 (5) 

 𝐼2𝑟′̇ = −ℎ. 𝑓3(𝑎3) − 𝑒. 𝐹𝑋. 𝑠𝑖𝑛𝜓 + 𝑒. 𝐹𝑌. 𝑐𝑜𝑠𝜓 (6) 

The vehicle and trailer are connected by the articulation point and their speed and 

acceleration at this point are equal. While obtaining the equations of motion of the trailer, 

a fixed coordinate system that takes the center of gravity of the vehicle as a reference is 

used. In this case, for the longitudinal and lateral speeds of the trailer, 

 𝑈′ = 𝑈. 𝑐𝑜𝑠𝜓 − (𝑉 − 𝑑𝑟)𝑠𝑖𝑛𝜓 (7) 

 𝑉′ = 𝑈. 𝑠𝑖𝑛𝜓 + (𝑉 − 𝑑𝑟)𝑐𝑜𝑠𝜓 − 𝑒. 𝑟′ (8) 

equations can be written. As can be understood from the vehicle and trailer Equation (1)-

(6) motion equations, a nonlinear equation set is used. To obtain the linear equation of 

motion: 

• The longitudinal speed 𝑈(𝑡) is a constant. Equation (1) is ignored. 

• Small angle approximations 𝑐𝑜𝑠𝜓 = 1, 𝑠𝑖𝑛𝜓 = 𝜓 acceptable. 

• For initial conditions, 

 𝜓̇ = 𝑟 − 𝑟′ (9) 

• All dependent variables are ignored. 

If the lateral wheel force is expressed using the linear equation of the wheel slip angle, 

for each wheel, 

 𝑓𝑖(𝑎𝑖) = 𝐶𝑖𝑎𝑖 (10) 

It can be expressed as,  

 𝑎1 =
𝑉 + 𝑟𝑎

𝑈
− 𝛿𝑓 (11) 

 𝑎2 =
𝑉 − 𝑟𝑏

𝑈
 (12) 

 𝑎3 =
[𝑉 − 𝑟(𝑑 + 𝑒 + ℎ) + (𝑒 + ℎ)𝜓̇]

𝑈
+ 𝜓 (13) 

 

Equations can be used for each wheel. Equation sets that we can express the state 

variables have been obtained by writing their places in the equations written between 

Equation (1) – (6) [14]. When the equations of motion are linearized under the conditions 

mentioned above, it can be expressed with the state-space representation below. 

 𝑀{𝑥̇} + 𝐷{𝑥} + 𝐹𝛿 = 0 (14) 

State variable as, 

 {𝑥} = {𝑉 𝑟 𝜓̇ 𝜓} (15) 
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M, D and F matrices are specified in the appendix. Physical parameters of the 

vehicle and trailer are shown in Table 1. 

 

 

Table 1 Parameters and Definitions 

2.2. Active Trailer Differential Braking System 

Three degrees of freedom equations of the vehicle-trailer system have been obtained. The 

motion equations obtained for the active trailer differential braking (ATDB) system need 

to be rearranged. ATDB system only affects Equation (6). With the ATDB application, an 

extra 𝚫𝑴𝒛 moment is added to the trailer [7]. 

 𝐼2𝑟′̇ = −ℎ. 𝑓3(𝑎3) − 𝑒. 𝐹𝑋. 𝑠𝑖𝑛𝜓 + 𝑒. 𝐹𝑌 . 𝑐𝑜𝑠𝜓 + ΔMz (16) 

When the equations of motion for the ATDB system are rearranged, the state-space 

representation also changes.  

Parameters Description Value Unit 

𝑚1 Car mass 2034 𝑘𝑔 

𝐼1 Car yaw inertia 4605 𝑘𝑔𝑚2 

𝑎 Car dimension 1.835 𝑚 

𝑏 Car dimension 1.385 𝑚 

𝑑 Car dimension 2.37 𝑚 

𝑚2 Trailer mass 1175 𝑘𝑔 

𝐼2 Trailer yaw inertia 2496 𝑘𝑔𝑚2 

𝑒 Car dimension 3.193 𝑚 

ℎ Car dimension 0.063 𝑚 

𝐶1 
Cornering stiffness of 

car front tires 
-75000 𝑁𝑚/𝑟𝑎𝑑 

𝐶2 
Cornering stiffness of 

car rear tires 
-75000 𝑁𝑚/𝑟𝑎𝑑 

𝐶3 
Cornering stiffness of 

trailer tires 
-60000 𝑁𝑚/𝑟𝑎𝑑 
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 𝑀{𝑥̇} + 𝐷{𝑥} + 𝐶𝑏𝑢 + 𝐹𝛿 = 0 (17) 

 𝑢 = Δ𝑀𝑧 (18) 

M, D, and F matrices that express the vehicle model will remain the same. 𝑪𝒃 added 

to the moment equation is the control matrix and is specified in the appendix.  

2.3. Controller Design 

Controller design will be carried out with the LQR technique [15] to evaluate the lateral 

stability of the car-trailer system. Controller design will be implemented for a system 

defined by state-space representation. The state-space form for the ATDB system is 

shown in Equation (17). LQR technique is a design method in which all situations are 

evaluated with feedback and a relationship can be established between inputs and 

outputs of the system. Input signals to be applied to the system in full state feedback or 

pole placement technique can be inapplicable. The signals to be applied to the system can 

be reduced to applicable sizes by entering the system with the optimization approach in 

the LQR technique. The performance index used in the LQR control technique is shown 

in Equation (19). 

 𝐽 = ∫ (𝑥𝑡
∞

0

(𝑡)𝑄𝑥(𝑡) + 𝑢𝑡𝑅𝑢(𝑡))𝑑𝑡 (19) 

𝑼(𝒕) is the control input specified in Equation (19),  𝒙(𝒕) is the state variables 

specified in equation (15), and 𝑸 and 𝑹 are the weight matrices. If all situations are 

assumed to be stable, the solution to the optimization problem is determined as the 

controller response to be applied to the CT system. The controller input is calculated as 

expressed in equation (20). Here 𝑲 matrix refers to the feedback control matrix. 

 𝑢 = −𝐾𝑥(𝑡) (20) 

The trial-and-error method is generally used to determine the parameters of the LQR 

controller. This process costs time for designers. However, it cannot be guaranteed that 

the parameters obtained will give the best results. At this point, optimization algorithms 

that work with the best result search approach come into play. Thus, it can be guaranteed 

that the determined parameters will produce the best results. 

2.4. Genetic Algorithm 
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Genetic algorithm (GA), one of the search algorithms, is trying to give the best result in 

the optimization problem. It was proposed by John Holland in 1975. GA operators consist 

of selection, mutation, and crossover. It is classified as a population-based optimization 

algorithm. It works to optimize the fitness function determined by the designer. It 

achieves the best result by transferring strong individuals in the population to the next 

generations. GA flow diagram is given in Figure 2. 

 

 

Figure 2 Genetic algorithm flow diagram 

3. Results 

Various studies have been carried out to determine the parameters of the LQR controller 

used in car-trailer systems by optimization algorithms [11]. In the study carried out, the 

values of the degrees of freedom of the 3 DOF model will be minimized by comparing 

the controller with active and passive control. LQR controller weight function is shown 

in Equation (21). 

 𝑄 = 𝑑𝑖𝑎𝑔([𝑞1 𝑞2 𝑞3 𝑞4]), 𝑅 = [𝑟] (21) 

The fitness function in GA is indicated in Equation (22). 
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 𝑓𝑜𝑏𝑗 =
𝜙1

𝜙1
𝑝 +

𝜙2

𝜙2
𝑝 +

𝜙3

𝜙3
𝑝 (22) 

𝝓𝟏, 𝝓𝟐, 𝝓𝟑 when the ATDB controller is active, the lateral velocity of the vehicle, 

the yaw rate of the vehicle, the angle of articulation, refers to the value of the degrees of 

freedom arranged with Root of Mean Square (RMS). 𝝓𝟏
𝒑

, 𝝓𝟐
𝒑

, 𝝓𝟑
𝒑
 denote the RMS of the 

value of degrees of freedom when the control is passive. In this study, the performance 

of the controller will be tested with the double lane change maneuver specified in ISO 

3888-1. The ISO 3888-1 maneuver applied at a speed of 90 km/h in the CarSim 

environment is shown in Figure 3. 

 

Figure 3 Double lane change maneuver 

Thanks to the lane change maneuver applied, the LQR controller performances 

determined by the trial-and-error method and optimized with GA were compared. In 

Figure 4, the GA optimized LQR controller has a maximum yaw rate of 17.85 deg/s, while 

the LQR controller whose coefficients are determined by trial-and-error method has a 

maximum yaw rate of 18.05 deg/s. 
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Figure 4 Compare of LQR controller performance for tractor yaw rate 

In Figure 5, the GA-optimized LQR controller observed a maximum lateral 

velocity of 2.03 m/s, while the manual LQR controller recorded a maximum lateral 

velocity of 2.05 m/s. 

 

Figure 5 Compare of LQR controller performance for tractor lateral velocity 

In Figure 6, a maximum hitch angle of 10.4 deg was observed in the GA optimized 

LQR controller, while a maximum hitch angle of 10.3 deg was recorded in the manual 

LQR controller. 
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Figure 6 Compare of LQR controller performance for hitch angle 

In Figure 7 the braking torque to be applied by the controller is limited to 600 N.m. 

In this case, it has been observed that the GA-optimized LQR controller needs less 

braking torque. 

 

Figure 7 Control response of car-trailer system 

4. Discussion and Conclusion 

The car-trailer system was modeled with 3 DOFs and dynamic motion equations were 

obtained. The equations obtained are linearized under certain assumptions. LQR 

controller was designed according to the dynamic model obtained. The 𝑄 and 𝑅 weight 
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matrices are GA optimized. To test the performance of the LQR controller, an ISO 3888-1 

double lane change maneuver at a speed of 90 km/h was applied. As a result of 

experiments carried out in CarSim and MATLAB-Simulink environments, the LQR 

controller has been successful in improving the stability of the car-trailer system. The 

trailer behaved erratically while the controller was off, and this was eliminated when the 

controller was activated. The GA-optimized LQR controller was more successful than the 

LQR controller whose coefficients were determined by the trial-and-error method. 
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Appendix 

𝑀 = [

𝑚1 + 𝑚2

−𝑚2𝑑
−𝑚2𝑒

0

−𝑚2𝑑

𝐼1 + 𝑚2𝑑2

𝑚2𝑒𝑑
0

−𝑚2𝑒
𝑚2𝑒𝑑

𝐼2 + 𝑚2𝑒2

0

0
0
0
1

] 

𝐷 =
1

𝑢
[

−𝑐1 − 𝑐2 − 𝑐3

−𝑐1𝑎 + 𝑐2𝑏 + 𝑐3𝑑
𝑐3(ℎ + 𝑒)

0

−𝑐1𝑎 + 𝑐2𝑏 + 𝑐3𝑑 + (𝑚1 + 𝑚2)𝑢2

−𝑐1𝑎2 − 𝑐2𝑏2 − 𝑐3𝑑2 − 𝑚2𝑑𝑢2

−𝑐3𝑑(ℎ + 𝑒) − 𝑚2𝑒𝑢2

−𝑢

𝑐3(ℎ + 𝑒)
−𝑐3𝑑(ℎ + 𝑒)

−𝑐3(ℎ + 𝑒)2

𝑢

−𝑐3𝑢
𝑐3𝑑𝑢

      𝑐3(ℎ + 𝑒)𝑢
0

] 

𝐹 = [

𝑐1

𝑐1𝑎
0
0

] ,     𝐶𝑏 = [

0
0

−1
0

] 

𝐾𝑚𝑎𝑛 = 1.0𝑒 + 03 ∗ [−0.4569     3.6058    − 1.6029     1.2321] 

𝐾𝐺𝐴 = 1.0𝑒 + 03 ∗ [−0.4779     2.3416    − 0.2545     1.9084] 


